This work presents a numerical model of the cyclic structural behavior of dissipative buckling-restrained braces, commonly used as an alternative to classical concentric braces for seismic protection of building frames and other structures. Such devices are usually composed of a slender steel core embedded in a stockiest casing that is intended to prevent its buckling when it is under compression. The casing is made either of mortar or steel, and a sliding interface is interposed between the core and the casing to prevent excessive shear stress transfer. The behavior of the steel core is described by a damage and plasticity model; the behavior of the mortar casing is described by an isotropic damage model and the sliding behavior of the interface is described by a contact penalty model. These three models are implemented in the Abaqus software package following an explicit formulation. The ability of this algorithm to reproduce the cyclic behavior of buckling-restrained braces is verified in a number of representative yet simple situations. The accuracy of the proposed model is checked by comparison with experimental results; a satisfactory agreement is obtained. Preliminary conclusions are issued and further research needs are identified.
Introduction
Energy dissipators are a convenient option for earthquake-resistant design of buildings and other civil engineering constructions since these devices absorb most of the input energy thus protecting the main structure from damage even under strong seismic motions [Housner et al., 1997; Soong, Dargush, 1997] ; many applications have been reported [Martelli, 2006] . Several types of devices have been proposed; those based on plastification of metals (commonly termed as hysteretic) are simple, economical and reliable while have shown repeatedly their usefulness. Among them, the buckling-restrained braces are one of the dissipators that have been mostly used, mainly for seismic protection of building frames [Watanabe et al., 1988; Clark et al., 1999] . They consist of slender steel bars connected usually to the frame to be protected either like concentric diagonal braces or like concentric chevron braces (as shown by Figure 1(a) ). Under horizontal seismic excitations, the inter-story drift motion generates axial strains in such steel bars beyond their yielding points. The buckling of these core bars is prevented by embedding them in a stockiest encasing; such casing is usually composed either of steel elements [Iwata, 2004; Tsai et al., 2004] or of mortar coated with steel (see Figure 1(b) ). Some sliding interface between the steel core and the surrounding material is required to prevent excessive shear stress transfer, since it would reduce the longitudinal stress in the core thus impairing the energy dissipation capacity. As well, that interface involves some clearance between the core and the mortar; such gap is required to allow the Poisson expansion of the core during compression. The buckling-restrained braces possess several relevant advantages compared to other hysteretic devices:
 These dissipators constitute themselves a bracing system and no additional braces are required to connect each device to the main frame.  Since the dissipative part of the device can encompass near the whole length of the brace, the required strain is rather low. Therefore, the plastic excursions are moderate; as the degree of plastification is uniform along the whole body of the core, expectedly the fatigue resistance will be high.  A relevant experience is available since a number of individual and sub-assemblage tests have been carried out [Tsai et Mises yielding criterion was considered in the steel core and restraining members; the cyclic effects were described by a combined isotropic and kinematic hardening model. The behavior of the concrete was assumed to be elastic. The sliding interaction between the steel core and the restraining members was modeled as a hard contact behavior, allowing separation of the interface in tension and no penetration in compression; a friction coefficient equal to 0.1 was adopted to simulate greasy steel interfaces.
Apart from these rather simplified models, an accurate and comprehensive numerical model of the coupled nonlinear behavior of all the involved elements (steel core, casing and sliding interface) has not yet been proposed. This lack hinders the deep understanding of the structural behavior of these devices, compels that the design is based on uncertain and over-conservative approaches and prevents the proposal of innovative and daring solutions. This work aims to close this gap by proposing an accurate and reliable numerical finite element model of the structural behavior of buckling-restrained braces composed of a steel core surrounded by a mortar and steel casing. This model considers the joint behavior of the involved materials (inner and outer steel, mortar and sliding interface) and accounts for the partial sliding between the core and the encasing mortar. The buckling behavior of the steel core is described by a coupled damage and plasticity model formulated for large displacements; the behavior of the mortar casing is described by an isotropic damage model and the sliding behavior of the interface is described by a contact penalty model. These three models are jointly implemented in the Abaqus software package [Abaqus, 2006] following an explicit formulation; the resulting combined model is aimed to describe the structural behavior of buckling-restrained braces and constitutes the main contribution of this work. The ability of the three individual models to simulate the corresponding behaviors and the capacity of the combined model to reproduce the cyclic behavior of buckling-restrained braces are verified in a number of simple yet representative situations. 
Isotropic damage model for the mortar casing
The behavior of the mortar casing is described by a triaxial isotropic damage model. Damage models [Lubliner et al., 1989 ] consist basically of describing the degradation of the material by a scalar damage index d ranging between 0 (no damage) and 1 (destruction):
In this constitutive relation tensors  and  represent stresses and strains, respectively;  0 is the undamaged stress tensor and E 0 contains the undamaged values of the constitutive parameters. Equation 1 shows that the undamaged behavior is described by a linear elastic multiaxial model; damage arises when F(,r) = G() -G(r) ceases to be negative, where r is the damage threshold and  is an energy norm. Function G governs the evolution of the damage threshold r; an exponential law is chosen [Lubliner et al., 1989 ]:
Since the degradation is irreversible, r decreases continuously after its initial value
] where E is the initial deformation modulus and f t is the mortar tensile strength. C is a dimensionless positive parameter given by [Simo and Ju, 1987 ] * *
In this equation * * where is the fracture energy per unit area and l * is a characteristic length of the finite elements used in the discretization [Oliver, 1989] . The energy norm is defined accounting for the different values of the compressive (f c ) and tensile strengths [Castro-Medina, 2011] as:
In this definition  is a scalar variable ranging between 0 for triaxial compression and 1 for triaxial tension [Castro-Medina, 2011]. The loading and unloading behavior is governed by the well-known Kuhn-Tucker conditions [Simo, Hughes, 1998 ]:
 is a damage consistency parameter given by  .
In the proposed formulation the damage problem is solved by an iterative algorithm [Castro-Medina, 2011].
The ability of this model to describe the nonlinear behavior of mortar members is verified in the simple yet representative situation described by Figure 2 . Figure 2 shows a prismatic mortar rod that is clamped in one of their ends and undergoes imposed axial displacements in its other end. 
Damage and plasticity model for the steel core
The cyclic buckling behavior of the steel core is described by a coupled damage and plasticity model; such model is formulated for large displacements, yet keeping small strains, to describe the buckling instability. The coupling between damage (stiffness degradation) and plasticity (permanent strains) has been previously pointed out [Armero and Oller, 2000] . However, both issues are rather different and cannot be described with the same constitutive model; this work presents a new formulation that considers jointly damage and plasticity. The coupling between them is only weak since each of these mechanisms has their own threshold functions, dissipation potentials, and consistency factors while the coupling is established through the effective stresses  ; e.g. those distributed in the effective area (1 -d) A, A being the total area. The damage is described by the same model explained in the previous section. The damage initiates once the failure surface is reached; the plastic-damage behavior is governed by:
In this constitutive relation  e is the elastic part of the strain.
The plastic hardening can be described either by isotropic or kinematic models [Simo, Hughes, 1998 ]; the plastic behavior is governed by the classical conditions:
In these expressions  is a hardening variable, q is an internal plastic variable, ̅ is the updated yielding limit, f is the yielding surface given by the multiaxial Von Mises criterion (   dev   : dev   ) and  is a plastic consistency parameter given by  
where  is the plastic strain rate.
The coupling between plasticity and damage is established in terms of the free Helmholtz energy:
is the plastic stress,  0 is the energy corresponding to the undamaged state (being given by Ψ : : ) and Ψ is a plastic potential. This formulation provides the values of the plastic consistency parameter and the tangent plastic tensor:
In these expressions c k is a kinematic hardening variable and h is a vector given by  .
In the proposed formulation the damage and plasticity problems are solved by a mapping return algorithm [Castro-Medina, 2011].
The ability of this model to describe the hysteretic behavior of steel members is verified in the simple representative situation described by Figure 4 . Figure 4 shows a prismatic steel rod that is clamped in one of their ends and undergoes an imposed axial displacement law in its other end. 
Penalty contact model for the sliding interface
The sliding behavior of the interface between mortar and concrete is described by a penalty contact model [Wriggers, 2006] . The steel surface is considered as "penetrating master" while the mortar one is "penetrated slave"; the penetration is described with a penalty formulation by interposing a highly stiff spring between both surfaces. In the finite element discretization the contact has to be established node-to-node. The ensuing minimum-distance problem is solved by minimizing the total potential energy:
In this equation  is the contact surface and k n and k t are positive normal and tangent penalty factors, respectively [Castro-Medina, 2011]. Scalars g n and g t correspond to the normal and tangent directions, respectively, and are given by 
Vectors x m and x s represent the mortar and steel coordinates, respectively, and n s is a unit vector normal to the surface; is the updated steel relative acceleration and  is the updated convective velocity. The contact and separation conditions are governed by the well-known Herz-Signori-Moreau conditions [Wriggers, 2006] :
p n represents the normal contact force:
In this equation k is the equivalent spring constant, k  is the penalty parameter (interposed spring constant), h is the gap between both surfaces, m is the mass associated to the node, and g is the acceleration of gravity.
In the proposed formulation the contact problem is solved by an iterative algorithm [Castro-Medina, 2011]. The ability of this model to describe the sliding contact behavior is verified in a simple representative situation; it consists of a prismatic steel core embedded in a mortar casing as described by Figure 6 . Figure 6 . Simple buckling-restrained brace considered for verification purposes Figure 6 depicts a square steel core with 10 mm side and a surrounding square mortar with 30 mm side; both elements are 100 mm long. As shown by Figure 6 , the steel core and the mortar casing have been discretized by 8-node hexahedron Lagrangian elements; noticeably, the contact between steel and mortar is node-to-node. The sliding interface consists merely of an air gap being 0.12 mm wide. The steel type is S275 [EN 10025, 2002] , whose nominal yielding point is 275 MPa and whose ultimate strength is 410 MPa; the kinematic hardening has been assumed as H K = 20 GPa. The main mechanical parameters of the mortar are: compressive strength 39.92 MPa, tensile strength 3.99 MPa, Poisson's ratio 0.2 and deformation modulus 17.52 GPa; the fracture energy per unit area is G f = 0.104 MPa. In the contact model the friction coefficient is  = 0.1, the directionality is isotropic and there is no limit in the transfer of shear stresses. A transversal displacement is imposed to the core; it consists of a ramp function reaching 0.25 mm, followed by a constant branch. Figure 7 depicts the obtained time history results of the transversal displacement of a pair of contact nodes. Figure 7 shows that before the contact the displacement of the mortar is zero and that after contact both nodes remain together; noticeably, the contact behavior is properly reproduced, without spurious vibrations. software package [Abaqus, 2006] ; the subsequent dynamic problem is solved following an explicit formulation. The resulting combined model is aimed to describe the overall structural behavior of buckling-restrained braces and constitutes the main outcome of this work. The explicit formulation is chosen because the stiffness matrix is ill-conditioned as a result of the penalty formulation of the contact model. The integration of the models of the mortar, the steel and the interface has been carried by imposing the energy balance equation:
In this equation the left-hand side corresponds to the internal energy and the three terms in the right-hand side correspond to the elastic, plastic and damage energies, respectively.  d is the yielding strain tensor.
The ability of this integrated model to describe the cyclic behavior of buckling-restrained braces is verified on the simple device considered in the previous section (see Figure 6 ). The core undergoes six triangular cycles of growing imposed axial displacements; their amplitudes are   y ,  2  y ,  3  y ,  5  y ,  10  y and  15  y ;  y is the yielding displacement. The maximum amplitude is elected to generate plastification and damage in the steel core. Figure 8 displays the obtained monotonic behavior of the tensioned naked core (a) and of the compressed whole device (b) and Figure 9 displays the obtained hysteresis loops. In Figure 8 (a) and in Figure 8 (b) the two corner points correspond successively to yielding and to failure of the steel core. Comparison between Figure 8 and Figure 9 shows that the monotonic behavior in Figure 8 can be also observed in the hysteresis loops in Figure 9 . 
Comparison between numerical and experimental results

Tests in the University of Girona
These experiments consist of testing four buckling-restrained braces under imposed axial displacements until failure [Palazzo et al., 2009; Palazzo et al., 2011] . Such devices are shaped as shown by Figure 1(b) , being basically composed of a slender solid bar (cylinder) as dissipative steel core and a round thin-wall steel tube filled with high strength mortar (without shrinkage) as restraining casing. Two two-halved steel connectors are placed at both ends to ensure a proper anchoring to the frame. The sliding is ensured by a three-layer interface: the steel core is coated with Teflon®, lubricated with grease and wrapped with rubber. Figure 10 shows a plan view of the device, an elevation of one of their ends and two front views; the left front view includes a steel connector while the right one shows a bare core end [Palazzo et al., 2009] . These end connections are basically hinged. 2808  200  2422  2466  10  90  3  80   D3 & D4  2808  270  2152  2196  22  115 3 85 Table 1 shows that dissipators D1 and D2, as well as D3 and D4, are designed to be alike; this allows comparing their results. Figure 11 depicts the testing rig of device D1. Figure 11 shows that the tested device is connected in one of their ends to a fixed support while the other end is connected to a jack; its motion constitutes the imposed axial displacement.
In the core and in the outer tube the steel type is S275 [EN 10025, 2002] , whose nominal yielding point and ultimate strength are 275 and 410 MPa, respectively; coupon tests were conducted, providing average yielding points equal to 307 MPa (devices D1 & D2) and to 300. The imposed displacements law consists of a number of growing-amplitude cycles followed by constant-amplitude cycles that maintained until failure; in this last phase the half-amplitude is 5  y . The values of the yielding displacement y are estimated as 3.83 mm for dissipators D1 and D2 and 3.37 mm for dissipators D3 and D4. The first imposed cycles of devices D1 and D2 are displayed in Figure 12 ; they encompass the first phase (growing-amplitude cycles) and part of the second one (constant-amplitude cycles). These experiments have been simulated with the proposed model. The plastic behavior of the steel core is described by a kinematic hardening model with hardening modulus H K = 21 GPa; no damage has been considered. In the mortar casing the fracture energy per unit area is G f = 0.104 N/mm 2 and the characteristic length l* is equal to the geometric average of the sides of the finite element [Oliver, 1989] . The interface is considered as an air gap; in the contact model the friction coefficient is  = 0.1, the directionality is isotropic and there is no limit in the transfer of shear stresses. The discretization period of the imposed displacement history (see Figure 12) is t = 0.05 s. In the explicit integration the time increment is equal to the ratio between the propagation velocity of the shear wave inside the steel and the length l* of the finite element [Abaqus, 2006] .
The devices have been discretized with 8-node hexahedron Lagrangian elements. Taking advantage of the symmetry of the tested braces, only half length of the each device is modeled; one of their ends is fully clamped while the other one is transversally free while the axial displacement is imposed to the core. The circular cross sections depicted in Figure 10 have been replaced by an equivalent square geometry to ease the mesh generation and to avoid having finite elements with high aspect ratios. Since the areas of the steel core and of the mortar casing are the same in both cases, this modification does not alter significantly the structural behavior. Aiming also to obtain a regular mesh, the outer steel has been homogenized to mortar. Figure 13 shows a comparison between the experimental and numerical hysteresis loops of device D1. Given the appearance of the experimental yielding branches, kinematic hardening was considered for the numerical modeling of the steel core. Plots from Figure 13 show a satisfactory agreement; the pinching effect observed in the experimental results is generated by gaps in the end connections (Figure 10 Number of points yielding and maximum compressive forces are slightly higher than the tensile ones; this difference is due to the mortar casing contribution caused by the shear stress transfer generated during the buckling of the core. Conversely, in Figure 8 both yielding points are alike since the core is significantly stockier. The mortar did not experience any damage; this result fits the after-test observations [Palazzo et al., 2009; Palazzo et al., 2011] . 
Tests in the University of California
Two pairs of nominally-identical and full-scale buckling-restrained brace subassemblages (termed 1G & 2G by one side, and 3G & 4G by the other side) were tested in the University of California, San Diego [Newell, Uang, Benzoni, 2006] . Figure 15 describes the tested devices; they are composed of a steel surrounded by a grout-filled square tube. The core of devices 1G & 2G is a flat plate while the one of devices 3G & 4G has a cruciform cross-section. Table 2 displays the values of the main geometrical parameters of the specimens. In Table 2 , L y is the length of the yielding segment, i.e. the one whose cross-section is shaped as described by Figure 15 (b) or Figure 15 (c).
The specimens underwent both longitudinal and transversal imposed displacements; only the axial components are considered for simulation. These experiments have been simulated with the proposed model. In the steel core the modulus of elasticity is taken as 210 GPa and the plastic behavior is described by an isotropic and kinematic hardening model with hardening moduli H K = H I = 21 GPa; no damage has been considered. In the grout fill the fracture energy per unit area is G f = 0.242 N/mm in the transfer of shear stresses. In the explicit integration the time increment is equal to the ratio between the propagation velocity of the shear wave inside the steel and the length of the finite element [Abaqus, 2006] .
As in the simulation of the experiments carried out in the University of Girona, the devices have been discretized with 8-node hexahedron Lagrangian elements; taking advantage of the symmetry of the devices, only half of the total length is modeled. Conversely to the discretization of the devices tested in the University of Girona, the outer steel has not been homogenized to grout. Figure 16 shows the experimental hysteresis loops of specimens 1G and 3G and Figure 17 displays the corresponding numerical simulations. Comparison between the experimental and the numerical results showed in Figure 16 and in Figure 17 shows a satisfactory agreement. In both Figures, for device 3G the maximum and yielding values of compressive and tensile forces are near alike while for device 1G the compressive forces are higher. This dissimilarity can be explained the big slenderness of the core of device 1G in its weak direction (see Figure 15 .b).
Conclusions
An accurate and continuum mechanics-based numerical model of the cyclic behavior of dissipative buckling-restrained braces is built. The proposed algorithm is oriented to devices composed of a steel core embedded in a mortar or steel casing. The behavior of the steel core is described by a model with a large displacement formulation and including multiaxial plasticity and isotropic damage. The behavior of the mortar is described by an isotropic damage model and the sliding behavior of the interface is described by a contact penalty model. These three models are implemented in the Abaqus software package; an explicit formulation is chosen because of the ill-conditioning of the stiffness matrix due to the penalty formulation of the contact problem. The integration of the models of the mortar, the steel and the interface guarantees the stability of the energy balance. The ability of the individual and integrated models to reproduce the cyclic behavior of buckling-restrained braces is verified in a number of representative situations. As well, the accuracy of the proposed algorithm is satisfactorily checked by comparison with two sets of experimental results.
Further research will focus on extensive use of the proposed model to allow for accurate and innovative design of buckling-restrained braces, mainly for mass use in developing countries. The main objective will be to gain a deep understanding of the integrated core-casing buckling behavior; preliminary results show that slender cores generate relevant shear stress transfer to the core while this phenomenon is less noticeable for stockier cores. It is expected that the proposed model will allow designing devices more slender and less costly than the commercially available ones.
